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The problems of sorting large data arrays into a multiprocessor system are discussed. A basic multiprocessor
architecture is an n-dimensional hypercube. Only one of the processors in the hypercube is connected with an external
user /host processor/. Bidirectional one-port links between processing elements, some of them faulty at same time, are
applied. The algorithmic dependence on the data array size and on the level of connectivity has been considered.

Key words: Data sorting Algorithms, n-dimensional hypercube, faulty links, Divide and Conquer Strategy, Loga-

rithmic Depth, Dimensional Collapse Strategy.

1. Introduction

In this paper we shall describe two algorithms
to solve the large data array sorting problem in a
multiprocessor system having processing elements
which number is a power of two. When all the links
into the system are non-faulty, the system has the
hypercube architecture.

Like a basic computer configuration, an n-di-
mensional hypercube is proposed to be used. We shall
use the fact that the connected hypercube has in-
herent logarithmic depth, i.e. each two processing
elements into a hypercube can exchange data into a
number of steps which is less than or equal ton =
log N, where N, a power of two, is a number of pro-
cessing elements into a hypercube. Here and hereaf-
ter Jog N means as usual log, .

Some of the fastest known sorting algorithms,
such as Merge Sort, Heap Sort, Quick Sort etc. have
the inherent logarithmic depth too. When only one
processor has been used to sort the initial data ar-
ray, the inherent logarithmic depth can not be ap-
plied in its completeness. In this sense, it seems to
be reasonable to combine both logarithmic strate-
gies to form a logarithmic algorithm for sorting large
data arrays over a multiprocessor system.

If all the links into a hypercube are non-faulty,
then any set of M =kN =k2" elements can be distrib-
uted into equal parts, having k elements each of them,
between processing elements /PE’s/ of the hypercube
after n = log N communication steps. After this
downloading procedure every PE contains exatly k
elements of the initial array to be sorted.

When some links between the PE’s are /tempo-
rary or permanently/ faulty at same time, some modi-
fications in the strategy of the algorithms must be
performed. In this case we shall suppose that the
multiprocessor system is a connected graph at least.

2. Terminology

Let N = 2" be the number of PE’'s numbered
fromOtoN- 7. Let PE,. be the PE having number/, /

=0,1,...,N-Tandleti= (i ji ..
representation of /.

Definition 1. (i i ,....i)) is called the address
of PE.

With @, as is usual, we shall note the bitwise
EXCLUSIVE-OR operation, namely

i®=m=(m m_,..mgy),

where

m/= Il®//={

Definition 2. i®j = m = (m _m ,..m) is
called the relative address of PE with respect to PE/.
(or vice versa).

Itis clear that the relative address of PE, with
respect to PE, is equal to its address.

Definition 3. The Hamming distance between i
and j (between PE,and PE/.) is defined as the number
of bits in which j and j differ, i.e.

..I,) be the binary

>

1, fori#j,

O, for i,= j/

n—1

Hamming(/,j) = Z i @

m=0

Definition 4. We shall say that \PE,, / = O,...N-
7\ form an n-dimensional hypercube (n-dimensional
HC) when PE, and PE/. are connected if and only if

Hamming(ij) = 1.

Definition 5. If Hamming(/,/)) = 1 and / and j
differ only in k™ bit, then the link between PE,and PE/.
is called the link on the k™ direction.

If all the links between PE’s in a HC are non-
faulty, then every PE is connected with exactly n of
the other PE’s having one link on any of the direc-
tions from the 0" to the (n -7)%!. The total number of
links in an n-dimensional HC is n2"~’ and there are
2"~ links on each of the n directions.

Let M = kN be the number of data elements to
be sorted.

Definition 6. kK = M/N we shall call the portion,
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number of elements to be sorted using the single PE
resources.

First we shall consider the situation when k is
an integer, i.e. when M consists of exactly N por-
tions of data. In this case every PE must use its own
resources for sorting its own portion of data and all
the portions have equal size of k.

Later we shall consider the case when some of
PE’s contain different number of data elements to
be sorted. In this case different PS’s must sort dif-
ferent parts of the initial array. More precisely at
least one will obtains a smaller part of the data than
the parts obtained from the other PE’s. This will in-
fluence over the final step of the algorithm when
every PE sorts its own part of data.

3. Configuration and operational environment

The following configuration is used. A multipro-
cessor system having N = 2" PE’s is applied for solv-
ing a large data array sorting problem whose result
must be sent back to an external user - master (host)
processor which is directly connected with only one
of the PE’s, namely, the PE having address O, PE,.

The links between processors are bi-directional,
one-port ones, i.e. every PE may only send and re-
ceive some part of data on one of its //O ports at any
given time. Of course, the corresponding link must
be a non-faulty and activated one. If there is more
than one claim for communication at the same time,
the PE first serves the link whose direction has a
lesser number. Of course, here some different order
in serving claims may be applied.

First we shall analyze the situation when all the
links between PE’s in the HC are non-faulty, i.e. ev-
ery PE can use each of its n links with its neighbours
at any given time.

Next the situation when some of the links into
a HC are /temporary or permanently/ faulty will be
considered.

4. Sorting algorithms

The host processor contains the set of numeri-
cal data /initially M elements are stored in the host/,
which have to be sorted. This problem has been de-
cided by consequently dividing data into two /if itis
possible/ equivalent parts. The final parts have to be
distributed between PE’s of the hypercube. When all
the links into the hypercube are non-faulty, the data
distribution will takes n = log N communication steps.

At last the final smaller parts are sorted and
then combined in a reverse order to form the desired
sorted array which contains all the initial data.

When k = 7, i.e. the size of the array to be
sorted is equal to the number of the PE’s into the
hypercube, the final small parts contain only one ele-
ment each of them, thus they are already sorted.

Also if k is not a very big number, i.e. k is less than
or equal to 10, some ordinary algorithm /Bubble Sort,
Insertion Sort etc./ can be applied to sort the final
parts of data. Finally when data to be sorted are too
much for the computing resources, it seems to be
reasonable small parts to be sorted using some algo-
rithm /Merge Sort, Quick Sort, Heap Sort/ having
logarithmic depth too.

4.1. Hypercube Strategy

When the multiprocessor system is a complete
hypercube we shall use the fact that both the sort-
ing algorithm and the HC configuration have the same
logarithmic depth. When a single processor is used
to sort the sequence it must apply the logarithmic
complexity to divide the initial sequence into smaller
parts. If the hypercube architecture is applied these
portions of data can be distributed between PE’s of
the HC.

More precisely we can describe the algorithm
in a following manner.

At first the whole linear array having M = kN
= k2" elements to be sorted is sent to the PE,

PE, divides the data into two equal parts hav-
ing kN/2 = k2™ elements each of them. One of these
parts, a half of all elements, is sent to one of the
neighbour PE’s, e.g. the neigbour on the 0" direc-
tion. Let us note the fact that two PE’s into a
hypercube are neighbours /i.e. they are directly linked/
if and only if their addresses differ in only one posi-
tion. The position of the difference in the addresses
points out the number of direction on which two PE’s
are linked.

In such a way after this step we have two PE’s
with equal parts of data and these PE’s are neigbours
on the 0" direction. Now we can use the specific
connectivity of the hypercube, namely the fact that
every n-dimensional HC can be easy divided into two
subcubes having dimension (n-7) each of them just
disregarding all connection on the fixed direction. At
this step we need to ignore links on the 0" direc-
tion.

The same operation is applied simultaneously
over both PE’s having data, i.e. every PE divides its
own part of data into two equal parts having kN/2?
= k22 elements each of them. Both these parts send
a half of their elements, to one of the neighbour PE’s.
At this step the neigbours on the 7° direction are
contacted.

We can apply this method recursively over the
2rd, 39 ., (n-1)directions. After n = log N steps all
the data will be distributed into equal portions of k
elements of them between all PE’s of the hypercube.

If k=1 every PE contains one sorted sequence
of data /this “sequence” consists of only 1 element/
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If Kk > 7 every PE must sort its own portion of
data into its local memory. If the value of k is not too
big, i.e. if it is approximately 10, an arbitrary sorting
algorithm can be used, e.g. Bubble Sort, Insertion
Sort etc. If we have to sort a large initial data array,
some logarithmic sorting algorithm is preferred to be
applied, e.g. Merge Sort, Quick Sort, Heap Sort etc.

In view of the fact that all the PE’s will contain
equal number of k elements they will sort them into
approximately coextensive time which depends on
the initial order of the elements in each portion.

When the portions of data in the PE’s are sorted
we must combine them to form the final sorted se-
quence. The Dimensional Collapse Technique is ap-
plied to collect all the data back into the PE, and
then to send the whole sorted array to the host pro-
cessor.

Namely at first step all PE’s having 7 in the
leftmost bit of their addresses send own portion of
data to their neighbours on (n-7)s'direction. These
neighbours have O in their leftmost bits and at previ-
ous step have sent same portions over same (n-7)
direction, to be sorted.

Then the same collapse technique is applied over
the (n-2),... 27, 1st, 0" directions. At /" step of
the Dimensional Collapse PE’s having data form an
(n-i)-dimensional hypercube. After n steps all the data
/sorted!/ will be in PE, and every subset of data will
travel to the host over a route which is reverse to
the route it has arrived at first /“distribution”/ part
of the algorithm from the host.

Let us now describe how every PE forms one
sorted sequence of data from two initial /each of
them sorted/ sequences. Leta,, a,,...,a_be the sorted
sequence which PE already contains. And let b,
b, ...,b_be the sorted sequence which PE obtains
from its neighbour. It is clear that m = k/, where /is
an integer. In fact at /" step / is equal to /.

From both sequences PE must form one merged
sorted sequence ¢ ,c,,...c, . To do this it seems to
be most reasonable to use the Merge Sort Strategy,
i.e. PE must store in the c-sequence members of the
a-sequence while they are less than first non-stored
member of the b-sequence and vice versa.

4.2. Connected Graph Strategy

A similar strategy can be applied when some of
the links between PE’s are /temporary or perma-
nently/ faulty. In this case every PE may have some
of its n neighbours inaccessible. One can distribute
data into an n-dimensional hypercube even if the num-
ber of faulty links is IF = n2™7 — 2" + 1. This is the
maximum number of links that can be removed from
an n-dimensional HC keeping its connectivity. We
shall use Spanning Subcube Technique.

Downloading the data is performed in a follow-
ing manner. At first all M data elements into the PE,
must be subdivided into NV equal portions, each hav-
ing k elements. To every such portion two n-dimen-
sional binary working arrays are attached.

The first of these arrays, Array 7, will contain
the relative address of the PE, where the portion of
data must be sent, /i.e. the PE which will sort this
portion/, with respect to the PE where the portion is
at the present time. In the beginning, when all por-
tions are stored into the PE,, ArrayT contains the
address of the destination PE. When the portion of
data arrives to its destination, it contains only zeros.

The second working array, Array?2, is initially
filled up with zeros and consequently when the por-
tion travels to its destination the used directions are
marked in Array2 with 7’s. Thus the already sorted
portion of data can be sent back to the PE, using its
own Array2. During the collapse the used directions
are marked in Array2 with zeros again.

We will need two n-dimensional binary working
arrays in the local memory of every PE too. The first
of them, FLinks, contains information about faulty
links of the PE. The second, PFLinks, contains infor-
mation about “pseudo-faulty” links of the PE, /i.e.
the links which are not recommended for use/, and is
initially filled up with zeros.

During the scattering part of the algorithm, when
a PE obtains some portions of data, it must operate
as follows with each of them.

The direction over which the portion arrives is
marked with Oin its Array 1 array.

Then, if this is its own portion, /i.e. Array1 con-
tains now only zeros/, PE starts sorting the data /if
k> 1/. After sorting the portion the PE sends it over
one of the directions in Array2.

If not, /i.e. there are any 7’'s in Array1/, the
portion must be sent to its destination. A direction
which belongs to Array1 array of the portion and
does not belong to FLinks and PFLinks arrays of the
PE is used. When PE has some of its links faulty it is
possible that such a direction does not exist. Then
one of non-faulty direction is used, marking it with 7
in the Array 1 array, i.e. expanding the spanning cube
to the destination.

To avoid “cycles” the corresponding direction
over which the portion has arrived, is marked in the
PFLinks array as pseudo-faulty one.

At last if there is not any possible direction to
be used, /i.e. all the desired directions are marked as
faulty or pseudo-faulty ones/, the PE sorts the por-
tion and sends it to the PE,.

During the collapse part of the algorithm, when
a PE obtains some already sorted portions of data, it
must operate as follows. If there are more than one
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portions, PE combines them into one sorted portion.
The corresponding Array2 arrays usually are equiva-
lent. If not, the shortest path, i.e. the array Array2
which contains least number of 1’s, is selected.

Then the result is sent over one of directions in
Array2. Of course, the corresponding direction is
preliminary marked with O.

5. Performing of the algorithms

When all the links into the hypercube are
nonfaulty ones then in view of the logarithmic depth
of both downloading and collapse strategies it seems
to be an enticing idea to use their advantages to solve
simultaneously local sorting problems which have an
inherent logarithmic speed too.

If k is not too big integer, i.e. the size of the
array to be sorted is not too big in relation to the
dimension of the used hypercube, the speed of the
algorithms proposed is O(n), where n = log N is the
dimension of the HC. If kK = O(n) then the local por-
tions can be sorted even with a linear strategy /Bubble
Sort, Insertion Sort, etc./ . If kK = Oflog n) then a
logarithmic sorting strategy /Merge Sort, Quick Sort,
heap Sort etc./ must be applied from the local PE..

When k is not an integer, i.e. when the initial
array cannot be distributed between PE’s into equal
parts then at the final step of distributing the data,
some of the PE’s will receive shorter sequences of
data to be sorted compared to others. In that case
the speed of each of the proposed algorithms is the
same as when the portions have size /k/+ 7, the least
integer greater than k.

If some of the links are faulty ones, then the
second algorithm can be applied. In this case the
speed of the algorithm depends on the architecture
of the non-faulty links. In the best case scenario the
speed is O(n), i.e. logarithmic again, but in the worst
case scenario it is OfN), a linear one.

6. Basic shortcoming of the faulty link sce-
nario

The basic shortcoming of the algorithm when
some of the links in the hypercube are faulty is its
dependence on both the number and the topology of
the faulty links.

If there are not too many faulty links and if they
are with appropriate topology /i.e. most of the faulty
links are in higher directions/, the algorithm still keeps
its logarithmic speed.

Actually, the influence of the topology of the
faulty links over the speed of the algorithm is more

significant than the influence of their number. Some
of the faulty links in higher directions may not affect
to the speed of the algorithm at all.

Also if k is not too big number /integer or not/
the algorithm will work in reasonable time.

In the other case it is recommended to use al-
gorithms which speed /depending on k/ is comparable
to the dimension of the hypercube for sorting por-
tions into local PE memory.

7. Conclusions

In view of the fact that even if all the links into
a hypercube are nonfaulty, a part of them are not
used of the proposed algorithms /e.g. PE uses all its
links while at the last scattering step the half of all
the PE’s use only one of their links/ it seems reason-
able to apply the proposed algorithms.

Also when the size of the initial data array in-
creases, the HC-architecture applied to a logarith-
mic sort strategy loses its advantages. But it seems
to be useful to apply together the inherent logarith-
mic depth of the architecture and the algorithm.
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